In a series of three papers, we study the geometrical and statistical structure of a class of coupled map lattices with natural couplings. These are in nite-dimensional analogues of Axiom A systems. Our main result is the existence of a natural spatio-temporal measure which is the spatio-temporal analogue of the SRB measure. In the rst paper we develop a stable manifold theory for such systems as well as spatio-temporal shadowing, Markov partitions and symbolic dynamics. In this paper, we treat in general terms the question of the existence and uniqueness of Gibbs states for the associated higher-dimensional symbolic systems. The nal paper contains the proof of the main theorem which asserts the existence and uniqueness of a natural spatio-temporal measure for certain weakly coupled circle map lattices with a natural coupling.
Introduction
Motivated by problems in the theory of spatio-temporal chaos ( 4] 12] 10] 2]), we consider ZZ -actions on certain symbol spaces. We give a de nition of a Gibbs state for such an action in terms of a Jacobian function B de ned on the phase space. We prove a su cient condition for the uniqueness of the Gibbs state for B in terms of a H older condition on B. This result relies heavily on the work of Dobrushin and coworkers and can be regarded as a nontrivial translation of these results from the statistical mechanics framework into the dynamical context. The result is used in the companion paper 11] to deduce the existence of a natural spatio-temporal measure for certain weakly coupled map lattices. The notion of a Gibbs state was introduced into probability theory in the late 1960s by Lanford, Ruelle ( 14] ) and Dobrushin (see 5] ). Using Markov partitions, it was employed by Sinai in 1972 to construct a class of natural measures for Anosov and Axiom A systems. Together with Ruelle and Bowen he then established a new eld in ergodic theory which became known under the name`thermodynamic formalism'. This approach leads to an identi cation of the dynamical system with a 1-dimensional lattice gas. Such problems can be treated with the help of the powerful Ruelle-operator formalism. However, the corresponding problems for spatially extended systems lead naturally to a higher-dimensional lattice gas for which there is no analogous approach. Indeed, this problem is fundamentally di erent because, unlike nice 1-dimensional gases, higher dimensional systems admit phase transitions. The higherdimensional problem requires the use of some results of Dobrushin and coworkers (see 6] , 7], 8] and 9]) that were only proved in the last ve years or so and which were rst applied to dynamical systems by Bunimovich and Sinai ( 2] ). For the case of coupled map lattices it is convenient to characterise our Gibbs measures on certain symbol spaces that we de ne below. To keep our de nition of Gibbs measures as close as possible to a previous direct and elegant de nition of Capocaccia (see 3] or 16]), we adopt a notion from 16] which we have never seen used before in the literature although it seems to be a rather natural one to work with.
Before coming to this de nition, let us rstly introduce some notation. Let (3) where ( ) is the measure on Z Z n (A) obtained from through the projection of (A) onto Z Z n (A).
Gibbs states for B 2 C + (A) are de ned analogously. The equations (2) In the language of statistical mechanics we can say that such a function B does not exhibit any phase transitions. As we cannot guarantee at the moment that the strong-mixing for the general translation takes place exponentially fast, we consequently cannot exclude Kosterlitz-Thouless transitions. So far we also cannot say where to nd phase transition surfaces and which kind of transitions can occur.
Proof. The theorem follows from propositions 4 and 6 and theorems 2 and 3.
2 Preliminaries, equilibrium states and pressure. The proof of the proposition is the same as the one in the one-dimensional case which can be found in 1] or 15]. While the famous theorem of Krylov and Bogolioubov just ensures the existence of invariant measures for continuous transformations of compact metric spaces, the introduction of Gibbs measures in ergodic theory made possible the construction of nice invariant measures equipped with certain properties relating to its conditional probabilities, in particular natural measures with generic properties for attractors, known as SRB-measures. Though Gibbs measures are not necessarily invariant, the ones occuring in ergodic theory are. In particular, they turn out to agree with another type of probability measures introduced through statistical mechanics which are called equilibrium states. The later are de ned as follows.
De nition 3 Let X be a compact metrizable set, x 7 ! x a homomorphism of IN 1 ZZ 2 with 1 ; 2 2 IN; 1 + 2 1 into the space of continuous transformations on X and assume that is expansive. Then an equilibrium state for a continuous function ' on X is an invariant measure on X which maximizes the sum of the metric entropy h ( ) with respect to the measure and the integral R ' d .
Recall
the mapping which de nes the time evolution of the coupled map lattice and the other translations of ZZ correspond to spatial translations of the coupled map lattice. Thus we restrict our attention to the special case of De nition 3 given by X = (A) or X = + (A) and = A .
The obvious connection of equilibrium states and statistical properties like entropy of a system makes this probability measure valuable in chaos theory. A further advantage of it is the way it can be constructed. While Gibbs measures can be constructed quite easily in the case of one-dimensional lattice systems (e.g. corresponding to low-dimensional dynamical systems) with the help of the socalled Ruelle-operator, there is no such standard procedure for higher dimensional lattice systems. On the other hand, there is a formalism involving the notion of a partition function to nd equilibrium states for translation invariant lattice systems (and hence also ones corresponding to spatially extended systems). For our problem it will be the easiest to construct such an equilibrium state, show that it is unique and a Gibbs measure. 
where in equation (5) Let us mention that the proof of Proposition 3 uses mainly a simple subadditivity property of the logarithm of the partition function. We will use a similar argument in the proof of Proposition 5.
The following result is proven in 13] for a di erent set-up, but it remains true for our considerations as the di erences in the two approaches do not enter the particular problem. 
averaged over translations, i.e.
(h) = lim
jV j V ( ) for all h2C(A): (8) The analogous result holds for B 2C + (A).
It is an immediate consequence of equations (7), (8), (2), and (3) While the right-hand-side of that inequality converges to P(B) for j j! 1 in the sense of van Hove, the left-hand-side goes to s( ) + R B d because of the A -invariance of . Thus we can conclude that
Since the reverse inequality trivially holds, we can deduce that is an equilibrium state. This leads us to the following summary.
Theorem 2 A probability measure on (A) or + (A) is an equilibrium state for a function B 2C (A) or B 2C + (A) respectively if and only if it is a translation invariant Gibbs state for this function B.
Thus for our further investigations it will be su cient to prove the di erentiability of P at a function B 2C (A) or B 2C + (A) in order to show the existence of a unique equilibrium state and hence a unique translation invariant Gibbs measure for this B. It is even bene cial for our later investigations of the mixing properties of this measure to prove the analyticity of P for a neighbourhood of B in C c (A) and C c;+ (A) respectively. This procedure will take place in the next section where in fact it will turn out that for every B 2C (A) and B 2C + (A) the pressure is analytic in a neighbourhood of these functions.
Analyticity of the Pressure
Recall that we only consider shift spaces (A) and + (A) for matrices A which are aperiodic. This fact will namely play an important role in this section. Moreover, in the following investigations we will only treat the case of (A) as that of + (A) is treated analogously.
Let us x a function B 2 C (A). We want to show the analyticity of P in a neighbourhood of B in C c (A). For this purpose we are going to use a method which was introduced and exploited in 7], 8], 9] and 6] for the set-up of statistical mechanics. For our problem, large parts of this procedure can be simpli ed, some even become trivial. Therefore we nd it appropriate to present here a version of these ideas adapted to the set-up arising from spatially extended systems. Using the techniques and results for one-dimensional lattice systems we can even conclude that the time correlation functions as well as the spatial correlation functions (for one spatial direction at one time) decay exponentially fast. This means that the strong-mixing takes place exponentially fast for any translation in one direction of the lattice. Unlike the case of nite range interactions (see 7]) it could not been shown yet that the correlations for the general translation in the lattice decay exponentially fast and moreover that the strong-mixing is exponentially fast with respect to functions in C (A) and C + (A) respectively.
